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Abstract 

In the case of simple graded manifolds utilized in supermechanics, super- 
vector fields and exterior superforms are represented by global sections of 
smooth vector bundles. 



A BRST extension of Hamiltonian mechanics @, |(| shows that (i) one should 
consider vector bundles in order to introduce generators of BRST and anti-BRST 
transformations, and (ii) one can narrow the class of sup erf unctions under con- 
sideration because the BRST extension of a Hamiltonian is a polynomial in odd 
variables. 

The main ingredient in a theory of supermanifolds is the sheaf B of graded com- 
mutative algebras on a manifold Z. If this sheaf fulfills the Rothstein axioms, it is 
said to be an i?-supermanifold [I], In particular, the notion of an i?-supermanifold 
includes graded manifolds, supermanifolds of A.Rogers and infinite-dimensional su- 
permanifolds of A.Jadczyk and K. Pilch. This notion also implies that the sheaf 
Der B of graded differentiations of B and the dual sheaf Der*£> are introduced. Let 
U be an open subset of Z and B \u the restriction of the sheaf B to U. By a graded 
differentiation of the sheaf B \u is meant its endomorphism u such that 

utff)=u(f)f+(-l)^fu(f) 

for the homogeneous elements u G Der£> and /, /' 6 B \u- We will use the notation 
[.] of the Grassman parity. The graded differentiations of B \u constitute the B- 
module Der£>(U), and the presheaf of these £>-modules generates the sheaf Der£>. 



Its elements are called supervector fields on a manifold Z. The dual of the sheaf 
Der£> is the sheaf Der*£> generated by the £>-linear morphisms 

(j) : Der£(U) -> B v . (1) 

One can think of its elements as being 1-superforms on a manifold Z. 

We will consider the following class of graded manifolds, called simple graded 
manifolds ||. Given a vector bundle E — > Z with an m-dimensional typical fiber 
V, let us consider the fiber bundle 

AE* = R©(© AE*) (2) 

z k=l 

whose typical fiber is the finite Grassman algebra A* = AV*. Note that there is a 
different notion of a Grassman algebra |J, which is not equivalent to the above one 
if V is finite-dimensional ||. Global sections of AE* — > Z (0), called superfunctions, 
make up a Z2-graded ring B°. Let {c a } be the holonomic bases in E* — > Z with 
respect to some bundle atlas with transition functions i.e., c' a = pl(z)c b . Then 
superfunctions read 

m j 

/ = ~Txfa 1 ...a k C ai ■ ■ ■ C ak , (3) 
fe=0 ^ 

where f av -a h are local functions on Z, and we omit the symbol of exterior product 
of elements c. The coordinate transformation law of superfunctions ([3]) is obvious. 
The sheaf of these superfunctions belongs to the above mentioned class of simple 
graded manifolds. In this case, supervector fields and exterior superforms on Z can 
be represented by sections of smooth vector bundles over Z as follows. 

Since the canonical splitting VE = E x E, the vertical tangent bundle VE — > E 
can be provided with the fiber bases {d a } dual of {c a }. These are fiber bases of 
pr 2 VE = E. Let (z A ) be coordinates on Z. Then supervector fields on a manifold 
Z read 

u = u A d A + u a d a (4) 

where u A ,u a are local superfunctions (0). A supervector field u (|4]) is homogeneous 
iff 

[u A ] = [u B ] = [u a ] + 1 = [u b ] + 1 = [u], VA, B, a, b. 
It defines the graded endomorphism of B° by the law 

u(f a ...C a ■■■)= U A d A (f a ...)c a ■■■+ U a f a ..d a \ (C a " " •)• (5) 



2 



A direct computation shows that this law implies the corresponding coordinate 
transformation law 

u' A = u A , u a = P y + u A d A { P ^y 

of supervector fields. It follows that supervector fields can be represented by sections 
of the vector bundle Ve Z which is locally isomorphic to the vector bundle 

V E |t/~ AE* ®(pr 2 VE © TZ) \ v , 
z z 

and has the transition functions 

z' A . = n~ lai ■■■o~ lak z A 



li — 161 — lfefc 

v ji--jk ~ P h' " P 3k 



k\ ! 

P*j V bi...b k + ^ _ ■y^ Z b x ...b k ^A\P\ k , 



of the bundle coordinates (z^ ak , v bl bk ), k — 0, . . . ,m. These transition functions 
fulfill the cocycle relations. There is the exact sequence over Z of vector bundles 

-> AE*®pr 2 VE -> P £ -> AE*®TZ ^ 0. 
z z 

It is readily observed that every linear connection 

r = ^ A ® (cu + v A a b v b d a ) (6) 

on the vector bundle E —> Z yields the splitting 

Y s : u A d A » u A (d A + Y A \c b ) (7) 

of this exact sequence and the corresponding decomposition 

u = u A d A + u a d a = u\d A + T A \c b d a ) + (u a - u A T A a b c b )d a 

of sections of Ve- One can think of T s as being a superconnection, but this is not 
a connection on the fiber bundle Ve — > Z in the conventional sense. The sheaf of 
sections of Ve — > is isomorphic to the sheaf Der £>. Global sections of the vector 
bundle Ve — > -Z" constitute the £>°-module of supervector fields on Z which is also a 
Lie superalgebra with respect to the bracket 

[u,u'\ =W+(-l)MM + V«. 
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Similarly, the £>°-dual V% of Ve is a vector bundle over Z which is locally iso- 
morphic to the vector bundle 

V* E |t,« AE*®(pr 2 VE*®T*Z) \ v , 
z z 

and has the transition functions 

U 3i-3k3 P 31 P 3k P j u a.i...a k a, 



' = n~ lbl ■ ■ ■ r>- lbk 

i\...i k A r i\ r ik 



k\ 

Z bl ...b k A + _ iy Vh-b (pL 



of the bundle coordinates (z ai „ Mk A,Vb 1 ...b k j), k = 0, . . . ,m, with respect to the dual 
bases {dz A } in T*Z and {dc b } in pr 2 V*E = E*. There is the exact sequence 

-v AE*®T*Z -> P| -> A£*®pr 2 V.E* -> 0. (8) 

The sheaf of sections of 7-£ — > Z is isomorphic to the sheaf Der*i3. Global sections 
of the vector bundle V* — > Z constitute the £>°-module of exterior 1-superforms 

= + 0a^C a (9) 

on Z with the coordinate transformation law 

<j>' a = P ~ l %, <P'a = <Pa + P - lh a d A {p^. 

The superform (|9|) is homogeneous iff 

[0a] = [M = [0a] + 1 = [0 6 ] + 1 = [0], VA, 5, a, 6. 

Then the morphism ([[]) can be seen as the interior product 

M j0 = M A A + (-l)^V0 a . (10) 

Similarly to (0), every linear connection T (||) on the vector bundle E — > Z yields 
the splitting of the exact sequence (j8|) and the corresponding decomposition 

= aC /^ + ^ a dc a = (<t> A + T A \ ( j )a c b )dz A + <j) a (dc a - T A \c b dz A ) 

of 1-superforms on Z. 
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As in the non-graded case, by exterior A;-superforms 4> are meant sections of the 
graded exterior product 7\ k z V% which is the quotient of the tensor product ® k z V% 
with respect to its subbundle generated by elements 

+ (-l) M[v V®p, ^,^'eV* E - 

It is readily observed that fc-superforms, k = 0, 1, . . ., constitute a (Z, Z 2 )-bi-graded 
ring B* with respect to the graded exterior product such that 

(f)Aa = (-1)MW+MM(7A0. 

The interior product fllCf ) is extended to the ring £>* by the rule 

u\{<j>7\a) = (mJ0)7\ ( t+ (-1)M + M[«Va(uJ<t). 

Using (^|), one can introduce the graded exterior differential of superfunctions in 
accordance with the condition 

u\df = u(f) (11) 

for an arbitrary supervector field u (this condition differs from that of [1]). The 
graded differential is extended uniquely to the ring B* of superforms by the familiar 
rules 

d((j)Aa) = (d(f))7\a + (-l) w 0A(d<7), dd = 0. 
It takes the coordinate form 

dcf> = dz A Ad A ((f)) + dc a Ad a ((p), 

where the left derivatives 6a, d a act on the coefficients of superforms by the rule @, 
and are graded commutative with the forms dz A , dc a . With the interior product 
and the exterior graded differential, the Lie derivative of a superform <fi along a 
supervector field u can be given by the familiar formula 

L u (j) = u\d<j) + d{u\<f)). (12) 

If / is a superfunction, we obtain from flll]) and (|T2|) that L u f = u(f) as usual. 
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